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On the Transformation of Elliptic Functions. 

By Professor Caylby. 



The algebraical theory of the Transformation of Elliptic Functions was 
established by Jacobi in a remarkably simple and elegant form, but it has not 
hitherto been developed with much completeness or success. The cases n = 3 
and »= 5 are worked out very completely in the Fundamenta Nova (1829); 
viz., considering the equation 

Mdy dx 

Vl — yM — /ty _ VI — x 3 .l — I& ' 

(h = u\ a, = v* ; say this is the Mh%- or Jfw-form) Jacobi finds in the two cases 
respectively, a modular equation between the fourth roots u, v, say the uv-mod- 
ular equation, and, as rational functions of u, v, the value of M and the values 
of the coefficients of the several powers of x in the numerator and denominator 
of the fraction which gives the value of y; but there is no attempt at a like 
development of the general case. I shall have occasion to speak of other 
researches by Jacobi, Brioschi and myself; but I will first mention that my 
original idea in the present memoir was to develop the following mode of treat- 
ment of the theory : 

In place of the Mkh-fovm, using the pa/3-form 

dy pdx 

(I write for greater convenience 2a, 2/3 in place of the a of Jacobi and Brioschi 
and the (3 of Brioschi), we can, by expanding each side in a series, integrating 
and reverting the resulting series for y, obtain y in the form 

2/ = F (i + n 1 x 2 + n^ 4 -f.---), 
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where n 1( II 2 , II 3 , . . . . denote given functions of p, a, (3. Taking n odd and 
= 2s + 1 , we assume for y an expression 

_ x (A s + A s _ x a? + A^- 2 + x 2s ) 

y ~ 1 + Arf + A s ^x is -~ + A 3 x*° ' 

where the last coefficient A, is at once seen to be = p. Comparing with the 
series-value y = ox {I + E^c 8 + n s as* + • •••), we have an infinite series of equa- 
tions. The first of these is, in fact, J. g = p; the next (s — 1) equations give 
linearly A x , A 2 , .... A 8 _ x in terms of the coefficients II; that is, of p, a, /?: the 
two which follow serve in effect to determine p , /? as functions of a : and then, 
p, /? having these values, all the remaining equations will be satisfied identically. 

The process is an eminently practical one, so far as regards the determina- 
tion of the coefficients A x , A % -4«-i a s functions of p, a, /?; it is less so, 

and requires eliminations more or less complicated, as regards the determination 
of the relations between p, a, (3. As to this, it may be remarked that the 
problem is not so much the determination of the equation between p and a (or 
say the pa-multiplier equation, or simply the pa-equation), and of the equation 
between {3, a (or say the a/?-modular equation, or simply the a/2-equation), as it 
is to determine the complete system of relations between p, a, (3; treating 
these as coordinates, we have what may be called the multiplier-modular-curve, 
or say the MM-curve, and the relations in question are those which determine 
this curve. 

In the absence of sjjecial exceptions, it follows from general principles that 
the coefficients A lt A 2 , .... A 8 _ lt qua rational functions of p, a, /?, must also 
be rational functions of a, (3 or of a, p; and I think it may be assumed that 
this is the case ; the method, however, affords but little assistance towards thus 
expressing them. 

In connection with the foregoing theory, I consider the solutions of the 
problem of transformation given by Jacobi's partial differential equation (Suite 
de Notices sur les Fonctions elliptiques : Orelle, t. IV (18 29), pp. 185-193), and 
by what I call the Jacobi-Brioschi differential equations. The first and third of 
these were obtained by Jacobi in the memoir, De functionibus ellipticis Commen- 
tatio : Orelle, t. IV (1829), pp. 371-390 (see p. 376); but the second equation, 
which completes the system, was, I believe, first given by Brioschi in the second 
appendix to his translation of my Elliptic Functions : Trattato elementare delle 
Funzioni ellittiche : Milan, 1880. I had, strangely enough, overlooked the great 
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importance of these equations. I shall have occasion also to refer to results, 
and further develop the theory contained in my memoir, On the Transformation 
of Elliptic Functions: Phil. Trans., t. 163 (1873), pp. 397-456, and the addition 
thereto : Phil. Trans., t. 188 (1878), pp. 419-424. 

I remark that while I have only worked out the formulae for the cases n = 3 
and n =■ 5 , and a few formulas for the case n = 7 , the memoir is intended to be 
a contribution to the general theory of the pa/?-transformation ; I hope to be 
able to complete the theory for the case n = 7 . 

Comparison of the MTtk- and pa(3-Fornis. The Modular and Multiplier Equations. 

Art. Nbs. 1 to 12. 

1. The equation 

Mdy dx 



Vl — y 3 .l — / 2 y 2 VI — x 3 .l — & 2 x* 
if we write therein x__ x_ _y_ y_ 

becomes Mdy dx 

viz., this is dy pdx 



\/l — 2/V + f Vl — 2ax 2 +x i 
if0nly 2a -M*+— 2/9-^4-— d- — 

2. We have a wv-modular equation, and, as shown in my Transformation 
Memoir, p. 450, this may be converted into a wV-modular equation ; in particu- 
lar, n = 3, the equation is 

y i 4- 6xy + x i — Axy (lx*tf — 3x 2 — Sf + 4) = , 

where x, y denote u*, v i respectively; say the equation is 

F(x, y), = x 4 + x 3 {— 16/4- 12y) + a? (6#») + x(\%f — 16?/) + y\ = 0. 

From the equation F(x, y) = 0, we derive 

x-*F(x, y).x~ 2 F(x, y- 1 ) = 0; 
say this is 

(Ax 2 + Bx + C + Dx' 1 + Ex~ % ){AW + B'x + C + D'ar 1 + E'x~ 2 ) = , 
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viz., the equation is 

AA'x* + (AJff + A'B) x 3 + EE'x-* = , 

where, by reason of the symmetry of F(x, y), the coefficients AA', EE' of 
x*, x~\ those of x s , x~ s , etc., have equal values; the form thus is 

&(x 4 + x- 4 ) + i(x 3 + x- 3 ) + ®(^+ x-*) + §(x -f- x- 1 ) + %= 0, 

where a3 4 +cc~ 4 , cc 3 + af" 3 , c^+a; -2 , are given functions of x + cc _1 , = 2a; viz., 

we have as + x _1 = 2a, 

cc 2 +ar" a = 4a 2 — 2, 
as 3 + x~ 3 = 8a 3 — 6a , 
a; 4 +cc- 4 = 16a 4 — 16a 8 + 2 

and the coefficients Jt, |§, . . . . are in like manner expressible as functions of 
2/ +2/ _1 , = 2/3; thus we have ^= 1, |£ = AB' + .A'.B 

= - 16(2/ 3 + 2/- 3 ) + 12( 2/ + 2/- 1 ), = - 16 (8/3 3 - 6/2) + 12. 2/?; 

or, finally, %=■ — 128/3 3 + 120/3; and so for the other coefficients. The numer- 
ical coefficients contain, all of them, the factor 16; and, throwing this out, we 
obtain (n = 3) the a/2-modular equation in the form 





a* 


a 3 


a 2 


a 


1 


p 










+ 1 


p 




— 64 




+ 60 




P 2 






— 186 




+ 192 


p 




+ 60 




— 64 




1 


+ 1 




+ 192 




— 192 



= 0, 



+ 1 



-4 +6 —4 +1 



where observe that the form is symmetrical as regards a, (3; and, further, that 
the sums of the numerical coefficients in the lines or columns are the binomial 
coefficients 1, — 4, +6, — 4, +1. Observe, further, that the sums in the 
direction of the sinister diagonal are — 64, — 64, + 320, — 192; viz., dividing 



Oayley : On the Transformation of Elliptic Functions. 



197 



by — 64, it thus appears that, writing (3 = a , the equation becomes 

a 6 + a 4 — 5a 2 +3 = 0; 
that is, (a 2 — l) 2 (a 2 + 3) = 0. 

Again, writing (3= — a, then dividing by 16, the equation becomes 

4a 6 — 19a 4 + 28a 2 — 12=0; 
that is, (4a 2 — 3)(a 2 — 2) 2 = 0. 

3. So also, n = 5 , we have the itV-modular equation in the form 
x 6 + 6 5 5ccy +65 5aV + y s — 6 40ccV — 6 40«y \ 

+ xy(— 256 + 320a; 2 + 320«/ 2 — 70z 4 — 660ccy — 70?/ 4 j- = 0; 
+ 320xV + 320xy — 256ccy) ) 

and in precisely the same manner we obtain the a/3-modular equation; viz. 
(casting out a factor 64), this is 

/? 6 /3 5 /?* j8* p* j8 1 



a 6 














+ 1 


a 5 




— 4096 




+ 6400 




— 2310 




a* 






+ 69120 




—172785 




+103680 


a 3 




+ 6400 




—133140 




+126720 




a2 






—172785 




+276480 




—103680 


a 




— 2310 




+126720 




-124416 




1 


+ 1 




+103680 




—103680 







= 0, 



+ 1 —6 +15 —20 +15 —6 +1 

where the form is symmetrical as regards a, /?; the sums of the numerical 
coefficients in the lines or columns are 1, — 6, +15, — 20, +15, — 6, +1. 
The sums in the direction of the sinister diagonal all divide by — 4096; viz., 
throwing out this factor, we have for @ = a the equation 

a 10 — 20a 8 + 118a 6 — 180a 4 +8 la 2 =0; 
that is, a 2 (a 2 — l) 2 (a 2 — 9) 2 = . 

If /?= — a, the coefficients divide by 64; and throwing out this factor, the 
equation is 64a 10 + 880a 8 — 3247a 6 + 3600a 4 — 1296a 2 = 0; 

that is, a 2 (a 4 + 1 6a 2 — 1 6)(8a 2 — 9) 2 = . 
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4. We have a ilfw-multiplier equation of the form F(— , 2u 8 — 1 J = (see 
Memoir, pp. 420-422), but we cannot, by the preceding formulae, deduce thence 
a pa-multiplier equation ; in fact, writing therein -=r -= = -— - , the resulting equa- 

tion iaF(—^-, 1 — 2u 8 ) = 0, which is a pa-multiplier equation only on the 

assumption that 1 — 2u 8 , u % and v 2 are therein regarded as given functions of a . 
But it is very remarkable that the pa-equation in fact is F(o , a) = . To prove 
this, assume that the equation 

dy pdx 

Vl — 2/V+2/ 4= VI— 2ax* + x i 

has a pa-multiplier equation F(p, a) = 0. Starting from the equation 

Md j _ dx 

Vl — y 2 .l — ay ~~ VI — x\l — k?x* ' 

we may, by effecting on each side a quadric transformation, convert this into 

dy M _1 dx 

VI — 2(2« 8 — 1)^+2/ 4_ Vl — 2 (2m 8 — l)<c 2 +a: 4 ' 

and this being so, we have, between M~ 1 and 2m 8 — 1 , the relation 



F (lr> 2uS ~ 1 ) = °> 



or, conversely, if this be the form of the iUfw-multiplier equation, then the 
pa-multiplier equation is F(p, a) = . 
5. The quadric transformations are 



Vl — x* Vl— f 

xvi— kv yVi— xy 

We have then only to show that 

dx dx 



Vl — 2 (2w 8 — 1) x 2 +x* Vl — xM — JW ' 

for then, in like manner, 

dy dy 



Vl — 2(2» 8 — 1)2/ 8 + 2/ 4 Vl — y 2 .l — Py 2 

and we pass from the assumed differential relation between x, y to the above- 
mentioned differential equation between x, y. 
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6. For the quadric transformation between x, x, write 

( whence also 6 = ,, J , and therefore 

6 i +6~ i z=27c, + 0- 1 =2/<; 2 — 2/f 2 =2(2P— 1), = 2(2u 8 —l); 
we have 

and similarly, 

i- -1 ^ = „7 d ~n n (i - 0* My. 

x 2 (l — Fx 3 ) v ' 

Consequently, 

(1-^)(1— $- 1 x*) = l— 2(2u e — l)x 2 +x i = J fe a (1— 2Wx i +tfx i y; 

or say VT- 2(2u»- l)x 2 + ^= x8(1 ^_ fe8) (1 - 27<: 2 x 2 +& 2 x 4 ). 

dx 

Moreover, cfa; = -rr. ^ttz — ^-^r (1 — 2& 2 x 2 +& 2 x 4 ) , 

x s (l — x s )^(l — W)5 v ' 

and thence the required equation 

dx dx 

VT^f^^Wfx^^ ~ Vl — f.l^H ' 

this completes the proof. 

7. Thus, referring to the M<-equations given in the place referred to, we 
obtain the following pa-multiplier equations : 

n=3, p 4 — 6p 2 — 8ap— 3 = 0. 

This may be written in the forms 

8ap =p 4 — 6p 2 — 3, 

8(a+l)p = (p-l) 3 (p + 3), 
8(a-l)p = (p+l) 3 (p-3). 

n— 5, p 6 — 10p 5 +35p 4 — 60p 3 +55p 2 + (38 — 64a 2 )p + 5 = 0. 

This may be written in the two forms 

6 4a 2 p = (p 2 — 4p — 1 ) 2 (p 2 — 2p + 5) and 

64(a 2 -l)p=(p-l) 5 (p-5). 
n= 7, p 8 — 28p 6 — 112ap 5 — 210p 4 — 224ap 3 + (— 1484 + 1344a 2 )p 2 

+ (— 560a + 51 2a 3 ) p + 7 = 0. 
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8. The relation between p and /?, or say the p/?-multiplier equation, may be 
obtained by a known property of elliptic functions ; viz., writing pa = ± n 
(sign is — for n = 3 , n = 7 , or generally for any prime value Ap + 3 , and 

it is + for w = 5 and generally for any prime value = 4p+l), then we 

3 

have between a, (5 the same relation as between p, a. Thus, n— 3, cr = , 

P 

for p, a writing a, /?, the equation is c 4 — 6ff 2 — 8/?<r — 3 = 0; or, as this may 

be written, p 4 4- 8/3p 3 + 1 8p 2 — 27 = ; 

and so for the other cases ; but it is perhaps more convenient to retain the a ; 

thus, n = 5 fa = — J, we have 

6 — 10<T 5 + 35<7 4 — 60<7 3 + 55<7 2 + (38 — 64/? 2 ) <7 + 5 = . 

9. We are hence able to express (3 as a rational function of p , ou We, in 
fact, have 

8<X ~ ~ZT^~ 4p ~~ l)Vp 2 — 2p+5 , 8/3 = — -r- a ((T 2 — 4(7 — 1V<T 2 — 2(T + 5 

(the signs must be opposite) , and then for a , substituting its value = -—■ and 

o 
observing that a 2 — 2a + 5 is thus = — ^ (p 2 — 2p + 5) , we find 

ft _ jo 8 + 20,o — 25 

which is the required formula. 

Observe that for p = a =V5 , the formulae with the sign — , as above, give 
= — a, whereas with the sign 4- they would have given (3 = a. For the 

value in question, p =\/5, the equation 64a 2 = — (p 2 — 4p — l) 2 (p 2 — 2p + 5), 

P 

gives 64a 2 = 4h 16 (!— V5) 3 (10 — 2^/5); 

that is, a 2 = 4s ( 3— V5)(5— V5), =(3-V5)U/5— 1); that is, a 2 = — 8 + 4\/5, 

or a 4 + 16a 2 — 16=0; it appears, ante No. 3 , that this value belongs to the case 
/? = — a and not to /? = a . 

10. But there is another way of arriving at a formula containing /?. Start- 
ing from Jacobi's equation 
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and introducing for A, W, h, Jc', if their values in terms of u, v, we have 

nv 4 v*(l — v s )v?du , . dv p % m 3 (1 — v 9 ) 

rff? ~ u\l—v?)tfdv ' 1S ' d^~H: v 3 (1 — u 8 ) ' 

but, from the values of a, /?, we find 

dv__ v*(l — u 8 ) dp 
du ~ m 5 (1— ^) do ' 
and, combining these results, 

iL — £. id C 1 — ^ 8 ) 8 — £ fo 4 — «~ 4 ) 2 . 
do" ~ ~rT "^ * (1 — u s f ' ~ "rcT ( W *_ M -*) 2 ' 

that is, <!£_£_ j9*— 1 

da n a 2 — 1 ' 

We have, consequently, 

d/? _ /> 2 da 
0»_1 — n(a 3 — 1)' 
and therefore 

2 8 /9+l n*/ a 3 — 1' 

where p 2 must be regarded as a function of a, or a of p; and from the form of 
the equation it appears that the integral must be expressible as the logarithm 
of an algebraic function of p, a. 

11. Thus, n= 3, we have 

and theuce easily 

1 , /? — 1 /» 8p?dp /» dp /* dp 

T g )8 + i —J ^_iy_9 ' — ~V ^=1 + V ^9 ' 

= _ _L log £=I + A jog £=? • 

2 g /? + l ^ 2 g /> + 3' 
that is, /? — 1 _ (/> — 3)V + 1) 

,3+1 (^ + 3)^-1)' 

as may be at once verified. 

12. In the case n = 5, I verify the equation under the form 

d^ p % da 

/5 s — 1 ~~ T ' a 2 — 1 * 
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From the equations 



64 (a 2 — 1) = — (p — l) 5 (p — 5) , and 8a = -J- (p 2 — 4p — l)\/p 2 + 2p — 5 

\f {' 



we have 



128ada_ 5(p i -—4p — I) dp , , Wda bdp 

p(p-l)(p-5) ' and thenCe « 2 -l ~ (p-l)( P -5Wp ip Z-2p+5) 



a 2 — 1 



Similarly, observing the — sign of 8/3 , -^ — ~r = -. -^-. zr , - — = 



r ( <T 2_2<7+5)' 

(j 

whence, substituting for a its value = — , we have 

P 
16dfi pHp _ _£ lGda 

^1 ~" (/>— 1)(/> — 5) Vp(p*— 2,o + 5) ' "~ ~5~ ' a 3 — 1 ' 
which is right. 

Connection of the MlcX- and pa/2- Theories. Order of Modular Equation. 

Art. Nos. 13 to 18. 

13. In the Transformation Memoir, starting from the equation 

1— y __ 1 — x /P — Qx\» 
1+y l + x\P+Qx)' 

I sought to determine the coefficients of P, Q by the consideration that the 

relation between x, y remains unaltered when x, y are changed into v— , - T — 
J ' J & foe ' ty 

x y 



u* ' e» 



respectively. This comes to saying that when for x, y we write 
respectively, the relation between x, y presents itself in the form 

y A + A^.... + A s ^ 

(s — ~ (n — 1) , as before) . For instance, (n = 7) , P = a + yx 2 , Q = {3 + 8x 2 

If, solving for y , we then for x, y write —j, -y, we find 



__ tfa-»iE{(a»+ 2a/3) + (2a r + ?* + 2a<? + 2/fr) «* !*-« + fr 2 + 2/3<? + 2 r <?) a;%- 8 + Wr 
a 2 +(2a r + /5 2 +2o 

and comparing this with 



V ~ a*+{2ar + F+2ap)x i u- 4 +(f-\-2 l 3d+2ad + 2 l 3r)x i u- s +(d li -t-2rd)x e u 



7 " Jo+^+^+J^ 6 
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we have for each of the coefficients A two different expressions, and equating 
these and making a slight change of form, we obtain the relations between 
u, v, a, (3 , y, $ used in the Memoir. Thus, 

A = a 2 = «V-"#, A x = tfu~ w (f + 2@8 + 2yo) = u~ i (2ay + (3 2 + 2a/3), etc.; 

in the Memoir, k(= m 4 ) is used instead of u, and £1 (= v 2 ^ -2 ) instead of v, and 
the equations thus are 

Wa? = £lo*, 
k (2ay + 2a/3 + /3 2 ) = II (y 8 + 2 y S + 2/55) , 
y 2 + 20y + 2a3 + 2(3$ = £lk (2ay + 2(3y + 2ao + /3 2 ) , 
S*+ 2yo = a7c? (a* +2a(3); 

viz., these are the equations p. 403. The idea in the present Memoir is that of 
considering the coefficients A in the stead of a ,/?,... . 

14. We have here, and in general for any odd value of n, equations of the 
form 

\r L — / jji — yi — 

where U, V, V, V, are quadric functions of the coefficients a, (3, y, .... , 

and these equations serve to establish between £1 and h a relation called the 
Il&-modular equation, and which is in regard to £1 of the same degree as the 
^M^modular equation is in regard to v. Leaving out the equation (£l=), we 



have 



U,V,W,.... 

XT, V, W 



= 0; 



and to each system of values of a, (3, y, 8 ... . (or say of their ratios) given by 
these equations, there corresponds a single value of £1; the number of values of 
£1, or degree in £1, of the ^-equation is thus found as = (n + 1) 2* <n_3) . This 
is far too high ; for ra=3, 5,7,.... the degrees are 4, 12, 32, .... ; those of 
the proper Xl^-equations are 4,6,8,.... 

15. I showed, or endeavored to show, that in the case n = 5, the extra- 
neous factor was (£1 — ~ l) 6 , (£1 — 1 = 0, the fl&-modular equation belonging to 
w= 1, for which the transformation is the trivial one y=x), and that in the 
case n = 7, the extraneous factor was \(£l, l) 4 } 6 , ((&, 1) 4 = 0, the fl/^-modular 
equation for the case n = 3) ; generally the extraneous factors seem to depend 
on the £l&-functions for the values n — 4 , n — 8 , etc. The ground for this is 
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that in the assumed formula for any given value n, we may take P, Q to con- 
tain a common factor 1 =fc 7cx % f observe that to a factor pres this is unaltered by 

the change x into -j— , viz. it becomes r-g (1 d= kx 2 ), a condition which is neces- 
sary J, and we thereby reduce the equation to 

1 — y _ 1 — x / F— Q'x \ 2 

in which equation the degrees of the numerator and denominator are each 
diminished by 4 , and the equation thus belongs to the value n — 4 . 

16. I remark here that in the case of n an odd prime, the degree of the 
modular equation is = n + 1 ; but for any other odd value the degree is 

a' (n) , = n ( 1 H V 1 + -r- ) • • • • , where a, b, . . . . are all the unequal prime 

factors of n; thus, n = a a , the degree is a a (l-\ j, =a a-1 (a+ 1). In the 

case of a number n = abc . . . . , without any square factor, the degree is 

abc (l + — Yl +-r-)(l + — ) > = (a+l)(6 + l)(c+l) , the sum 

of the factors of n. We have 

a'(n) = coefF. x n in 2<p (x N ) , 
where cf>x = x + 3a; 3 + 5a; 5 +...'., = ~ _"JL > 

and the summation extends to all odd values of Shaving no square factor; thus, 

$(») = x + 3x 3 + 5a; 5 + 7a; 7 + 9a; 9 + 11a; 11 -f 13a; 13 -f- 15a* 5 

-I- 5a; 15 , 
+ 3a; 15 , 

la; 11 

la; 13 

la; 15 , 



<HO = 


la; 3 




+ 3ar 


<M* 5 ) = 




la; 5 




<MO = 






Ix 1 


^(a5 u ) = 








<?>(a; 13 ):= 








^)(x 15 ) = 









2$ (as*) = x + 4x 3 + 6a; 5 + 8a; 7 + 1 2a; 9 + 1 2x u + 14x 13 + 24ar 



,15 
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17. Supposing that the reduction is completely accounted for as above, then, 
to obtain the numerical relations, the numbers 1,4, 12, 32, .... (n-\-l)2 l(n ~ S) 

have to be expressed linearly in terms of 1 , 4, 6 , 8 a'(n) , viz. (n + i)2* (n_3) 

as a linear function of a'(n), a' (n — 4), o'(n — 8), . . . . , and we have 

1 = 1, 

4 = 4, 
12= 6 + 6.1, 
32= 8 + 6.4, 
80=12+6.6 +32.1, 
192=12 + 6.8 +33.4, 
448 = 14 + 6.12 + 33.6 +164.1, 
1024=24 + 6.12+33.8 +166.4, 
2304=18 + 6.14 + 33.12 + 166.6 +810.1, 
5120=20 + 6.24 + 33.12+166.8 +817.4, 
11264 = 32 + 6.18 + 33.14+ 166.12 + 817.6 + 3768.1, 
24576= 24 + 6.20 + 32.24 + 166.12 + 817.8 + 3778.1, 



but it is of course very doubtful whether these relations have any value in 
regard to the present theory. 

18. In the same way that, by assuming a common factor, 1 + &x 2 , in the 
values of P, Q, we pass from the case n to the case n — 4, so, by assuming a 
common factor, 1 + x 2 , in the numerator and denominator of the expression for 
y in terms of x and the coefficients B , we pass from the case n to the case 
n — 2 . Contrariwise, in the solutions given by the Jacobi-Brioschi differential 
equations and by the Jacobi partial differential equation, the solution for a 
given value of n does not thus contain the solution for an inferior value of n ; 
see post Nos. 36 and 43 . 

I pass now to the theory before referred to. 

The Development y — $x{l + n i cc 2 + n 3 a; 4 + ....). Art. Nos. 19 and 20. 

19. Starting from the equation 

dy pdx 



s/\ — 2/fy 2 + f VI — 1<X9? + 



3 ' 
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and writing for shortness 

■Si =-3- a. *$i = -g-/?> 

7,-1/35 15 3 \ o_l/35 15 3 N 



(viz., save as to the exterior factors -5- , — ,...., B lt B 2 , . . . . are the Legen- 

drian functions of a, and S lt S it . . . . the Legendrian functions of (3), we have 

<Z?/(1 + 3/Sy + 5% 4 + ) = pcfc(l + 3^^+ 5E 2 x 4 + ), 

whence integrating, so that y may vanish with as, we have 

2/ + % 3 + % 5 + . . . . = p(x + i^ 3 + i^x 5 + ....), 
say this is = it,. 

20. We then have y = u — fy where fy = S^f + 8 % y h + ...., and thence, 
expanding by Lagrange's theorem, 

y^ U -fu+ ±(f U y-^(fu)»+ ^4 (/%)"'- . . . . ,' 

we have /w = Siti s + # 2 w 5 + SgU 1 + /S^w 9 + ••••. 

and thence fu = £X + 2/Si^w 8 + (2^3 + ^J) u w , 

f 3 u= Siu 9 +3S!S,u u 

f*u = #i«»; 

consequently, 

2/= u, 

+ « 3 (-£i), 

+ «"(— ^+3/8?), 

+ m 7 (— $+8$$— 12$), 

+ u* (- ^ + lOiSi/S, + 5/% 2 — 55/8?£ + 55$) , 
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and writing herein 

u = p \x + R x x 3 4- R 2 x 5 + R<p? + R^x 9 ....}, 

u 3 = p 3 \x 3 + 3B 1 x 5 + (3# 2 + 3R\) a; 7 + (3i? 3 + 62^, + R])x 9 } , 

u 5 = p 5 {cc 5 + bR^ + (5i? 2 + 10R\) x 9 \, 

u' = p' , {x' ! +7R 1 x 9 }, 

U 9 = p 9 j X 9 + . . . . } , 

we have the required series 

y = px { 1 + n^ + n 2 x 4 + n s x« + } , 

where the values of the coefficients are 

n 1 =i2 1 +(--<8i)p> > 

n 2 = R % + (- &) SR l9 * + (-S 2 + 3S?) p\ 

n 3 = R 3 + (- #,) (35, + 322?) p 2 + (— S, + 3# 2 ) 5ify 4 + (- tf 3 + 8^ - 1 2^) p 6 , 

n 4 = i? 4 + (- i8i)(322, + ei^JZ, + JBJ) p 2 + (- # 2 + 3,s?)(5i2, + loi^Dp 4 

+ (- S 3 + 8S&— 1 2& 8 ) 7R 1? 6 + (— £,+ 10$/$,+ 5^|-55^^ 2 +55^ 4 )p 8 , 

and so on as far as we please. 

The Cubic Transformation, n = 3. Art. Nos. 21 to 28. 
21. We have here 

^ = p(i + n^ + n/+....) ; 

whence, developing the left-hand side and equating coefficients, 

pn 1 = — p 2 +i, pn 2 = P 3 — p, pn 3 =-p 4 +p 2 , .... 

It will be convenient to write 

e 1 = pn 1 + P »-i, = —s^ + p'+R^-i, 

e 2 = n 2 -p 2 +i, = (-# +ss?)p i -(3R 1 s 1 + ly + i^+i, 

© 3 = n 3 + p 3 - p, = (- ^ 3 + 8/Si^, - 12# 3 ) p 6 

+ (— 5R 1 S 2 +15R 1 S?)p i 

+p 3 

+ (-3 J R 2 £ 1 -3£ 2 ./Si)p 2 
— P 

+ ^3> 
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where observe the difference of form in the function ©^ and in the subsequent 
functions © 2 , © 3 , . . . . In these last a factor p is thrown out. 

22. The two equations @ x = and ©2 = serve to determine p, (J in terms 
of a ; the subsequent equations @ 3 = 0, @ 4 = 0, . . . . will then be, all of them, 
satisfied identically. This implies that © 3 , © 4 , . . . . are each of them a linear 
function of @ x , @ 2 . The h posteriori verification and determination of the factors 
is by no means easy ; I have effected it only for @ 3 ; we have 

7@ 3 = (p 3 — 3£,p 2 — 2p + 27^) © x + (— /Sip 2 — lOp + 25^) © 2 , 

or, at full length, 

(-£,+ 8^— 12$V 
+ (-5^ +15 J BA 3 )p 4 

+ p 3 
+ (-3i? 2 ^ — SRtSJf 

— P 

+ B 3 

= (p*-3,V- 2p + 27R 1 )(-S lP *+f+B,p-l) 

+ (- S 1 o*-10o+25R 1 )((-S 2 +3^)p 4 --(3 J B 1 ^+l)p 2 +/4 + l); 
in verifying which we must, of course, take account of the relations between 
the expressions R and those between the expressions JS; we have 

a = 3R X and thence 10i? 2 = 21 R\ — 1 , 14# 3 = 135i?f — 9^; 
similarly, 

10# 2 = 27 S? — 1 , 14tf 3 = \2>bS? — 9$ . 

Equating the coefficients of p 6 , we have 

— IS, + 56S.S, — 84SI = — Si + <SA — ZSi ; 

viz., multiplying by 2, this is 

— US 3 + llO/Sitf,,— 162$* + 2/Si = 0; 
or, finally, it is 

(— 135& 3 + 9,8i) + (297$* — 11$) — 162$* + 2/^ = 0, 

an identity, as it should be. The identity of the. coefficients of p 5 , p 4 , p 3 , p 2 , p, 1 
may be verified in like manner. 

23. Considering a as known, the values of p and (3 are determined by the 
foregoing equations ©j = , © 2 = ; that is, 

-S 1 o s + o 2 +R 1 o-l = 0, 
(- S 2 + SS!) p 4 - (SR 1 S i + 1) p 2 + R,+ 1 = , 
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(where, of course, the Rs and /S's are regarded as given functions of a and (3 
respectively). 

It is to be observed that the equations are satisfied by p 2 = 1 , a = /? ; viz., 

we have the transformation y = a — ; that is, y = ± x . which is the 

JL "T7 3/ 

transformation of the first order, n = 1 . The two equations represent surfaces 
of the orders 4 and 6 respectively, and they have thus a complete intersection 
of the order 24. As part of this, we have, as just shown, each of the two lines 
(p = 1 , a = (3) and (p = — 1 , a = (3) ; but there is a more considerable reduction 
of order to be accounted for, the proper MM-curve being, as will appear, a 
unicursal curve of the order = 6 . 

24. Multiplying the second equation by 10p 2 , and for 10i? 2 , \dS % , writing 
their' values 27J2| — 1 and 27#f — 1 respectively, we have 

(ZS? + 1) p 6 — (30^ 4- 10) p 4 + (27Ef + 9) f = ; 
and if herein we substitute for /Sip 3 its value from the first equation, =p 2 4-jRjp — 1 , 
we have 

3 (p 2 + R 1? — \f + p 6 - SOBjp (p 2 + B l? — 1) — 10p 4 + (27i2 2 + 9) p s = ; 
that is, p 6 — 7p 4 — 24A\p 3 4- 3p 2 4- 24i? lP + 3 = 0; 

viz., this is (p 2 — l)(p 4 — 6p 2 — 24^p — 3) = , 

containing, as it ought to do, the factor p 2 — 1 . Throwing this out, and repeat- 
ing the first equation, we have 

-/Sip 3 + p 2 + ity-l = 0, 
p 4 — 6p 2 — 24^ — 3 = 0, 

which two equations may be replaced by 

p 4 — 24/Sip 3 4- 18p 2 —27 = 0, 

p 4 — 6p 2 — 24B 1 p— 3 = 0, 

which are the p/2- and pa-equations respectively. Recollecting that R x and S x 

1 i 

denote -5- a and — (3 , they agree with the results obtained in No. 7. The 

a ( 5-modular equation is obtained by the elimination of p from these two equa- 
tions, and may be at once written down in the form, Det. = 0, where the 
determinant is of the order 8, but contains /Si and B lt that is, (3 and a, each 
of them, in the fourth order only : the form is thus the same with that of the 
a/3-equation obtained in No. 2 ; but the identification would be a work of some 
labor. 
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25. The equations may be written 

24# 1 p 3 = p 4 + 18p 2 — 27, 
24ify = p 4 — 6p 2 — 3, 

and, treating B lt S 1} p as coordinates, it hence appears that the MM-curve is 
(as mentioned above) a unicursal curve of the order 6 ; in fact, we have B lt S l: 
each of them given as a rational function of p; and cutting the curve by an 
arbitrary plane ABi + BS X + Go + D = , the substitution of the values of 
B lf Si in this equation gives for p an equation of the order 6 . 

26. The same conclusion may be obtained from the foregoing system of a 
cubic and a quartic equation in p. Considering B l7 Si, p as coordinates, they 
represent, each of them, a surface of the order 4, and the complete intersection 
is of the order 16 ; but this is made up of a line in the plane infinity counting 
10 times, and of the MM-curve, which is thus of the order 16 — 10, = 6. In 
fact, introducing, for homogeneity, a fourth co-ordinate $, the two equations are 

— ^p 3 + p 2 2 + f2ip0*— 4 = O, 
i _ 6p 8 2 — 24BipO* — 30 4 = , 

and the line p= 0, 0= is thus a triple line on each of these surfaces; viz., 
cutting them by an arbitrary plane, we have for the first surface an ordinary 
triple point, as shown by the continuous lines of the annexed figure, and for the 
second surface a triple point = cusp -j- two nodes, as shown by the dotted lines 
of the figure. There is, moreover, as shown in the figure, a contact of two 
branches, and the number of intersections is thus = 10. 



3 

27. If we assume per = — 3, that is, p = , and substitute this value in 



a 



the equation for S x , the two equations become 

24/S' 1 (T = o 4 — 6a 8 — 3, 
24i?jp=p 4 — 6p 2 — 3; 
3 

I' 



viz., /? is the same function of a ( — J which a is of p . This accords with 
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the theorem in Elliptic Functions that a combination of two transformations 
leads to a multiplication. 
28. We have 

24(i? 1 +-l)p = p 4 -6p 2 4-8p-3,=(p-l) 3 (p + 3); 

or, what is the same thing, 

24(iZ 1 +i-) = (p-l) 2 (p + <r+2); 

and, in like manner, 

24(iZ 1 --^)p = p 4 -6p 2 -8p-3 ) =(p+l) 3 (p-3); 

and, consequently, 



24 



( J B 1 -4-) = (p + l) 2 .(p + <r-2), 



with the like equations between /Si, tf, p. It will be recollected that 

^ 2 4(* 1± i-) = 4(„- + ^ ±2 ),=4(,,-^ 

The formulas just obtained are useful for obtaining the ww-modular equation from 
the foregoing equations ; or say 



4 (V + -i-) a — <t 4 — 6(T 2 — 3 , 
4 (^ 4+ ^)p == P 4 - 6 P S - 3 ' 



where per = — 3, and we have to eliminate p and a; the elimination gives 

v* w 2 2 

-j- r + 2ro = 0: that is, « 4 + 2« 3 « 3 — 2w — t* 4 = 0. 

w V s wo 



Tlie Quintic Transformation, «= 5. Art. Nos. 29 to 32. 
29. We have here 

i+££+£ = p(l + ni * 8+ n ^ + n ^ + - • • - )i 
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and multiplying by 1 + A&? + px*, we obtain an infinite series of equations, the 

first three of which are 

A 1 =pTl 1 + Ay, 

l = pn t +A 1 pTI 1 , 

o = pn 3 + Apn 2 + p 2 n 1( 



The first of these gives 



^-=7+1 =7+1 ' 



and the other two equations then determine the MM-curve. These being satis- 
fied, the remaining equations will be satisfied identically. It is proper to intro- 
duce into the equations © 1( @ 2 , © 3 instead of Jl lt TI 2 , Il 3 . We have first 

that is, = p(© 2 + p 8 -l)- (ei -^+ 1)3 + p 2 -l; 

viz., this is 

p ( p -l)(0 2 +p 3 -l)-(© 1 -p 2 +l) 2 + (p 2 -l)(p-l) = O; 

or, finally, this is 

P(p-i)© 2 -ei+20 1 (p 2 -i) = o. 

Secondly, we have 

o = n 3 +^^ + pn 1 = o; 

that is, e3 _ f) 3 + p + (e 1 -^+i)(e 2 +/> 8 -i) + ei _ p2+1 = . 

p ■ 

viz., this is 

(03+©,- p 3_ p* + p + 1)(_ p + 1) + (0!-p 2 + l)(0 2 + p 2 - 1) = 0; 

or, finally, it is 

3 (-p+l) + 1 2 +©i(p 2 -p)-© Si (p 2 -l) = O. 

30. We have thus the two equations 

(p*-p)0 2 -0? + 2© 1 (p*--l)=O, 
© 3 (-p+l) + 1 2 +e i (p 2 -p)-0 2 (p 2 -l) = O; 

and recollecting that 3 is of the form L@ t + Jf© 2 , we see that each of these 
equations is satisfied if only & t = 0, 2 = (the formulae belonging to the cubic 
transformation). This ought to be the case, for we can, by writing A x = p + 1 , 
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reduce the expression — )rr~~ i *° ^ ne form \ )7~ J . which belongs to the 

cubic transformation (see ante No. 17). The equations may be written 
p© 2 =-(2p+2)0 1 +-|L ) 

p© 3 = (3^+ 4p + 2)0 1 -(3 p + 3)-M I + ^L j3 . 

31. The investigation may be presented in a slightly different form by 
introducing the functions © at an earlier stage ; viz., writing plli = @ 1 — p 2 + 1 , 
pll 2 = p@2 + p 3 — p ,...., we have 

P iXa$+& = p + (@1 ~ pS + 1} x%+ (pe * + p3 ~ p) xi + • • • • 

Transposing, reducing, and dividing by x 2 , we have 

(i-^i + Ahp + i)] 

(1 + ^) (] + Aia > + ^ - Mi + pub» + pUgx +...., 

whence clearly p 2 — 1 + A x (— p + 1) = © lf giving for ^ the before-mentioned 
value; and we then have 

1 + ,4 1 * 2 + px 4 = 1 + (p+l)a* + F * — -^ , = (l+a»)(l +pa?)_ JV # 

The equation thus becomes 

!i=£I®i __ - = © 1 + P e ia >+ P e^+ 

(i + *•)(! + ^ (i - f _ u ^, +y ) 

and expanding the left-hand side, first in the form 

(1—^)0! (1— a?)x 2 &l (l—a?)x*&\ , 
(l+^l+px 2 ) 2 ~*~ (,o — 1)(1 + 3?)\1 + px 2 f + (p — 1)(1 + a^J»(l + />z 8 ) 4 "*" ' 

and then each of these terms separately in powers of x 2 , and comparing with 
©! + p@ 2 x 2 + p@ 3 x 4 +...., we have the two equations in the last-mentioned 
form, and an infinite series of other equations, which will be satisfied identically. 

32. The successive coefficients might be called 4> 2 , <J> 3 , . . . . ; say 

3> 2 = (p 2 -p)© 2 -ef+2(p a -i)© 1 , 

$ 3 = (- p + 1)0 3 + ©!©,+ (pS-p)©,- (p»_ 1)0 2 , 

and similarly for <8» 4 , .... , and it would then be proper to show a posteriori that 
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each of the equations <2> 4 = , <E> 5 = , . . . . is satisfied identically in virtue of 
the two equations <E> 2 = , <J> 3 = , or, what is the same thing, that the functions 
<&4, <E> 5 , . . . . are each of them a linear function (with coefficients which are 
functions of p) of the two functions 4> 3 and <E> 3 . I do not attempt to do this, nor 
even to discuss the MM-curve by means of the equations <& 2 = , <I> 3 = ; but I 
will obtain equivalent results, and complete the solution by means of the Jacobi- 
Brioschi equations, in effect reproducing the investigation contained in the third 
appendix of the Funzioni BUittiche. 

The General Transformation, n= 2s + 1. Art. No. 33. 

33. The equation here is 

p + A g _ia? -\- _ , „ . , 

\ + A**+.... ~P^+ n i x +■■■■)• 

The general theory is sufficiently illustrated by the preceding particular cases, 
and I wish at present only to notice the equation obtained by comparing the 
coefficients of x 2 ; viz., this is A s _ x — pA 1 = pTl 1 , or, substituting for H x its value, 

A-i — pA = -3- («p — /¥) • 

The Jacobi-Brioschi Equations. Art. Nos. 34 to 42. 

34. These were obtained for the differential equation 

dx dy 



Va'x* +6V + dx* + d'x + el s/atf + btf + cf + dy + e ' 
viz., if this be satisfied by y = ?7-t- V, where U, V are rational and integral 
functions of x of the degrees n and n — 1 respectively, then, writing for short- 
ness <|> = a'x i + b'x 3 + c'x 2 + dfx + ef, and using accents to denote differentiation 
in regard to x, the numerator and denominator U, V satisfy the equations 

(VV"~ F 2 )4» + y TV.ql + alP+ ~bUV + pV*=0, 

-(VU"+V"U— 2FZ7')4>— ^{VU'+V'U)^+^bZP+(c—2p)UV+^dV i =0, 

(UU"—U' 2 )<p + ~UU'.cp' + P TP + ±-dUV + eV 2 =0, 

where p is a function =aar 8 + kc + c, with coefficients a, b, c, the values of 
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which have to be determined. By way of verification, observe that, multiply- 
ing by Z7 2 , UV, V*, and adding, we obtain 

— (VW — V'Uf<p + aZ7 4 + bU 3 V+cU*V 2 + dUV 3 + eV i = 0; 
that is, 

— -L ( VU'— V U)\a!x i + Vx 3 + c'x 2 + d'x + 4) + ay* + bf + ey* + dy + e= 0, 

the result obtained by substituting for y its value, = ZJ-f- y, i Q the differential 
equation. 

35. Considering the foregoing special form 

dx dy 

VI — 2aa; s + aT 4 — /VT— 2/% s + f ' 

so that a, 6, c, d, e have the values p 2 , 0, — 2/?p 2 , 0, p 2 and ^ is =1 — 2ax 2 -J- a 4 , 
the equations are 

(VV"—V)1>+ ~VV'.^+o z ZP+ pV 2 =0, 

-(VU"+V"U~2V'U')<l> + ±-(VU , + V'U)<p'—(2(3o 2 + 2p)UV = 0, 

(TJU"—U'' i )<p+ ~UU'.<p'+ plP+ p 2 F 2 =0, 

where, writing as before, n = 2s + 1 , and assuming that the last coefficient, 

•^J(n-i) or 4,, is = p, we have 

U=x(p + A a _ 1 x 2 +A s _,x i . . . . + Aa*— ' + x 2 *), 
V= 1 + -i^ 2 + A 2 x* + A_!X 2s - 2 + px 2 *, 

and where, as is easily shown, p has the value = — {2A 1 -\- (2s -{- l)x 2 f. In 
comparing with Brioschi, it will be recollected that 2a, 23 are written in place 
of his a, /?. 

36. The equations contain n, and they are not satisfied by values of U, V 
belonging to any inferior value of n; U, Fmay each of them be multiplied by 
any common constant factor at pleasure, but not by a common variable factor 
P ; viz., it is assumed that the fraction TJ-^V is in its least terms, and conse- 
quently that (save as to a constant factor) U, V are determinate functions. It 
is easy to verify that the equations (being verified by U, V) are not verified by 
PU, PV, but it is interesting to show a priori why this is so. The equations 

dx dit 

are obtained as follows : Consider the differential equation in the form — -=. = —p& , 
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and suppose that an integral equation is given in the form F= (F a rational 
and integral function of x, y); we thence deduce a relation Ldx-\-Mdy=0 
between the differentials, and this must agree with the given differential equa- 
tion; that is, we have L*/X + Ma/ Y= 0, or, rationalizing, L 2 X — M 2 Y=0; 
viz., this last equation must agree with the equation F= 0, or, what is the 
same thing, II X — M 2 Y must contain F as a factor ; say we have 

DX— M 2 Y=F. G, 

where (? is a function of x, y . In the particular case where the integral is of 
the form y = TJ-^ V, we have F= Vy — U, 

and we have therefore IPX— if 2 F= G{Vy — U); 

and it is by means of this identity that the equations are obtained. But suppose 
that there is a common factor P, or that we have y = PTJ^- PV; then, if we 
write F= PVy — PW, = P(Vy — U), there is no necessity that L 2 X—M 2 Y 
should contain as a factor this expression of F, and it will not in fact contain 
it ; all that is necessary is that L 2 X — M 2 Y shall contain the factor Vy — TJ; and 
thus the equations obtained for U, Fdo not apply to PU, PV. "We might, of 
course, introduce an arbitrary constant factor ©; contrast herewith the solution 
by means of the Jacobi partial differential equation, post No. 43, where © is not 
arbitrary, but has a determinate value. 

37. In virtue of the assumed forms of U, V, the first and third equation 
give each of them the same relations between the coefficients A; and only one 
of these equations, say the first, need be attended to. It will be observed that 
this equation does not contain (3; it consequently serves to determine the coeffi- 
cients A in terms of p, a, and to establish a relation between p, a; that is, the 
multiplier equation. We can from this, as will be explained, deduce the equa- 
tion, between p, (3; the theory thus depends entirely upon the first equation; 
say this is 

( VV"— V' 2 )(l— 2aa; 2 + x 4 ) + VV (— 2aa?+ 2a 3 ) +p 2 U 2 — { 2A X + (2s+l) x* } V 2 = . 

38. We have V= 1 + A^ + A$£ +...., but the equation contains the 
quadric functions VV" — V' 2 , VV, and V 2 ; it is convenient to write 

W"— V' 2 = K X + Ktf? + K s x 4 + , 

V 2 = L +L 1 x 2 +L^ +....; 
whence of course VY — lL x x -|-4Z 2 a; 3 + . . . . , 



Cayley : On the Transformation of Elliptic Functions. 



217 



and we have 



k x = 


^ 2 = 


K 3 = 


K i = 


K 5 — 


K,= 


K 1 = 


2J.j 


12J 2 


30J 3 


56 A 4 


90 A, 


132J 6 


182^ 7 




— 2A\ 


2A X A 2 


+ $A 1 A 3 


+ 26^M 4 


+ 52^4, 


+ S6A 1 A, 








- ±A 


— QA % A 3 


+ 4A 2 A, 
~ 6AI 


+ 22A 2 A 5 
— 10 A 3 A t 



K« = 



240J 8 
-fl28J x .4 7 
+ 48 ^il, 

0A 3 A, 

SAl 



L = 


A = 


Z 2 = 


Z 3 = 


Z 4 = 


.... 


1 


2J X 


2J 2 
+ JI 


2J 3 
+2J x J a 


2J 4 
+ 2^ 

+ 4. 


• 



The coefficients of U 2 are at once obtained ; say we have IP = A x 2 + Ai03 4 -f A 2 aj 6 



A = 


Ai = 


A 2 = 


A 3 = 


A 4 = 


. . . . 


P 2 


2pA s _ l 


2pA s _ 2 
+AU 


2pJ,- 8 
+ 2A S _ X A S _, 


2pJ 8 - 4 
~r 2^. g _ lJ 4 g _ 3 
+ A\_ t 


• 



Substituting in the equation and equating to zero the coefficients of the several 
powers of a; 2 , we find 

K x — 2A X L = , 

K % - 2A X L X + (- 2s — 1) Z — 2a (jKi + L x ) + p*A = , 

K 3 +K x — 2A X L 2 + (- 2.s + 1) A — 2a (/f 2 + 2Z 2 ) + p s A x = , 
K, + K 2 - 2A X L 3 + (- 2s + 3) L % - 2a (K 3 + 3i 3 ) + p 2 A 2 = , 
K t +K,-^ 2A l L i + (- 2s + 5) L 3 — 2a (JT 4 + 4Z 4 ) + p 2 A 3 = , 



The number of equations is = 2 (s -f 1), for the equation contains terms in 
x°, x 2 , x i , . . . . x is + % ; but the first equation, and also the last and last but one equa- 
tions, are in fact identities ; there remain thus 2(s +1) — 3 , = 2s — 1 equations ; but 
these are equivalent to s independent equations, serving to determine the (s — 1) 
coefficients A x , A % , . . . . A 3 _ x , and to determine the relation between p and a. 
In writing down the equations for a determinate value of s, the coefficients 

VOL. IX. 
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A 0t -4, must be taken to be =0 and p respectively; and coefficients with a 
negative suffix or a suffix greater than s , must be taken to be each = . 

39. Thus, (n = 3) s = 1 , we have the 2 (s + 1) , = 4 equations : 

2p — 2p . 1 = , 

— 2p 2 — 2p.2p+ (— 3)1 — 2a( 2p 4- 2p) + p 2 . p 2 = 0, 

+ 2p — 2p.p 2 + (— 1) 2p — 2a (— 2p 2 + 2p 2 ) -f p 2 . 2p = 0, 

— 2p 2 — 2p.O + (+ l)p 2 — 2a( 4- 3.0)+p 2 .l = 0, 

where the first, third and fourth equations are each of them an identity; the 
second equation is — 2p 2 — 4p 2 — 3 — 8ap + p 4 = ; viz., in accordance with what 
precedes, writing a = 3i2j , this is the foregoing equation 

p 4 — 6p 2 — 24-Sjp — 3 = 0. 

To complete the solution, we use the theorem in elliptic functions referred 

to ante (No. 8); viz., writing per = — 3, then we have /?, the same function of 

a that a is of p ; whence 

a* — 6<j 2 — 24/V — 3 = 0, 

and we thus have two equations giving the MM-curve. 

40. In the case (n = 5)« = 2, we have the 2 (s + 1), =6 equations: 

2A X — 2A 1 .1 =0, 

I2p—2A\ —2A l (2A l ) —5.1 — 2a.2A 1 +p 2 .p 2 =0, 

— 2pA 1 4-2J 1 — 2A 1 (2p+A\) —3.24 — 2a{ 12p— 24 2 +2(2p+4)f-|-p 2 .2p4=0, 
— 4p 3 -j-12p —2A\— 2A 1 .2A 1 p— l(2p+4)— 2a{— 2p4+3.24p}4-p 2 (2p+^?)=0, 
— 2p^— 2^j.p 2 4-1. 24p — 2a{— 4p 2 +4.p 2 } +p 2 .24 = 0, 

— 4p 3 —2.4.0 + 3.p 2 — 2aj + 5.0J- 4-p 2 .l =0, 

where the first, fifth and sixth equations are each of them an identity. The 

remaining equations are 

(p 2 — 2p 4- 5)(p 2 + 2p — 1) — 6 A\ — 8.4a = 0, 

2p 3 4 — 6p4 — 32pa — 2A\ — AA X = , 

2p(p 2 — 2p + 5) -f lOp — 4^p — 8a4p 4- 3A\ = 0. 

41. Writing the first and third of these in the forms 

— QA\ — SA x a + (p 2 — 2p + 5)(p 2 + 2p — 1) = 0, 

A\{o % — 4p + 3) — SA ia p + (p 2 — 2p 4- 5) 2p =0, 

these determine A\, 8 4a- in terms of p; viz., we find 

J?=(p 3 -2p + 5)p, 
8 A x a - (p 2 — 2p 4- 5)(p 2 - 4p - 1) ; 
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and then writing the second equation in the form 

(p 3 — 3p — 2) A\ — 16pou4 — A\ = , 

and substituting these values of A\ and 8 A^a, and omitting the factor p 2 — 2p — 5 , 
we have the identity 

p (p 3 — 3p — 2) — 2p (p 2 — 4p — 1) — p 2 (p a — 2p + 5) = ; 

viz., the second equation is then also satisfied. 

Forming the square of 84«> and for A\ substituting its value, then omitting 
a factor p 2 — 2p -j- 5 , we find 

64pa 2 = (p 2 — 2p 4- 5)(p 2 — 4p — l) a , 

= p 6 — 10p 5 + 35p 4 — 60p 3 + 55p 2 + 38p 4- 5 ; 

or, as this may also be written, 

64p(a 2 -l) = (p-l) 5 (p-5), 

and we then have also, as before, 

64<T (/3 2 - l) = (<r— l) 5 (<r — 5), 

which two equations determine the MM-curve. 

The coefficient A x is given by the foregoing equation for 8A x a, say the 

ValUG 1S A = ± (p 2 - 2p + 5)(p 2 - 4p - 1) . 

The value A= '° } - , obtained in No. 28, substituting for 17, its value, is 
— p + 1 

Al ~ p — 1 ' 

and these two values are in fact equivalent in virtue of the value of (3 obtained 
in No. 9. 

42. I consider the case n = 7, in order to show the form of the equations 
which have to be solved ; these equations are 

2A 1 —2A 1 .1 =0, 

12.4— 2A\— 2J.J- 24— -7.1 — 2a (24 + 1.2.4) + p 2 .p 2 = 0, 

30p — 244 + 24 — 24 (24; + A\) — 5 . 24 

— 2a(l24— 2A\+ 2(24 + ^4)) + p 2 . 2p4 = 0, 
84p — iA\ + 124 — 2A\ — 24 (2p + 24^ 2 ) — 3 (2A 2 + 4) 

— 2a(30p — 244 + 3 (2p + 244)) + p 2 (2p4 + -4) = 0, 

— 64p + 30p — 244— 24 (24p + Al) — 1 (2p + 244) 

— 2a(84p— AA\+ 4(2^ 1 p + ^l)) + p 2 (2p + 2A 1 A 2 ) = 0, 

— 6p 2 + 84p — 4^1| — 24 (24p) + 1 (24p 4- Af) 

— 2a (— 64p + 5 (24p)) + p 2 (24, + A\) - , 
— 64p— 24.p 2 + 3(24p)— 2a(— 6p 2 + 6.p 2 ) +p 2 .2^ x =0, 

— 6p 2 -f- 5.p 2 — 2cx(0 + 7.0) + p 2 .l =0; 
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viz., the first, seventh and eighth equations are satisfied identically, and there 
remain five equations connecting p, a, A lf A % . 

These equations should lead to the before-mentioned a/3-modular equation 

p 8 — 28p 6 — 112ap 5 — 210p 4 — 224ap 3 + (— 1484 + 1344a 2 ) p 2 

+ (— 560a + 512a 3 ) p + 7 = , 

and to expressions for A lf A 2 as rational functions of a, p, and should be, all 
five of them, satisfied by these results ; but I do not see how the results are to 
be worked out ; there is, so far as appears, no clue to the discovery of the 
rational functions of a, p. 

The Jacobi Partial Differential Equation. Nos. 43 to 48. 
43. Writing, as above, 2a in place of Jacobi's a , this is 
(1 — 2aa; 3 + x 4 ) ^ + (n— 1)(2ckb — 2x 3 ) -^ + n (n — 1) xh — An (a 2 — 1) ~ = 0, 

satisfied by the numerator and denominator U, V, each of them taken with the 
same proper value of the coefficient A , or, what is the same thing, by the 

values U= <8>x (A s + A s _ lX * + A s _ 2 x i + Arf'-* + x 2s ) , 

V= (1 + A x x* + A^ + A,_ 1 qP- 1 + A 8 x* s ), 

where now A 8 = p as before : has its proper value ; viz. (disregarding an arbi- 
trary merely numerical factor which might of course be introduced), the value is 

JM - K tr \/l u s V M — u 

or, what is the same thing, 

0=\/pW^ r • 

' ^ a 2 — 1 

If for z we write ©£, then the equation becomes 

(1 - 2ax> + rf) g + („ - l)(2ax - 2x°) ^ 

< , 1 d® 



+»(n-l)^-4»(«'-l)(i + if = 0, 



satisfied by the foregoing values without the factor 0, or attending only to the 
denominator, say by the value 

V— 1 + Atf+Af* + A, _&*>-* +px* s . 
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44. To calculate the value of 7^- -=— , we have 

fc) da 

1 a 1 

7P da ~r a 



1 d@ _ 2_dp , 4 *_ dfi_ 4 



6 do " /> da ' I?— Ida a 8 — 1 ' 

but it has been seen (No. 10) that we have 

d/?_ p % p — l 
da n a 2 — 1 ' 
and the formula thus becomes 

da ^ da + a^l" 

We have, as the first of the equations obtained by substituting in the Partial 
differential equation, 

2A 1 -4n(a 2 ~ 1) ^~ = 0, 
' fc> da 

and we have hence the value of the first coefficient, 

or we may, by means of this result, get rid of the term -~-p from the Partial 
differential equation; viz., the equation may be written 

(l—2ax 2 +x i ) ( ^ +(n~l)(2ax—2x 3 )^ + {n(n-l)x 2 ~2A 1 \^4n(a 2 --l)^==0 . 

Before going further, I remark that the last of the equations obtained by the 
substitution gives the coefficient A s _ 1 ; but this is also given in terms of A x by 

the formula No. 33, A,_ 1 — p^ 1 = — (ap — /?p 3 ) ; combining the two formulas, 

we have ^ = i„ K _„«_ ^ + ^ 



45. In the case w=3, ^1,_ 1 = J. = 1 , J. 1 = p, and the two equati 
become 3 (a*- 1) g - ^ ap _ p * + |^ = , 

each of which is easily verified. 



ons 
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I remark also that in the same case, (to = 3) , we have 



p 4 kn = (Jtrr; - and thence @ - =^pv ^n = v ^zi ; 

hence Jj^ ^0 4/? 

^T -"(//*— l)(/> 2 — 9)' 

and writing the equation A x — 2?^ (a 2 — 1) -^ — = in the form 

r. / 2 -, \ ! ^0 fy 

p_ M a»- 1)3-^ = 0, 

we can verify this equation. 

46. In the case n = 5 , we have for J.j two equations, each ultimately 
giving the foregoing value 

Moreover, the equation =Vpv/^2 — ^ gives, without difficulty, 0= — — '—— - . 



haVe >l — 1 7 (a*— U^— 7 a 4-i-i9o 2 

^_-_7(a-l) da T a + 2 £p 

4 = ^-^-^"p+x/V. 



47. In the case n = 7, the formulae give the two coefficients A lt A % ; viz., we 

dp 1 1 

cfo 19 , 1 

where the value of -V- must of course be obtained from the before-mentioned 
eta 

pst-equation (given in No. 7). I have not considered these results nor endeavored 

to compare them with the results for this case obtained in the Transformation 

Memoir, and the addition thereto. 

48. Substituting the value 1 4- A 1 a? + A. z x 4 . . . . + A s _ 1 x 2s ~ z + px 2s in the 
last-mentioned form of the Partial differential equation, we obtain 

12J 2 = — 4 (to — 2) aA x + 2A\ —n(n—l) + in (a 3 — 1) -~ , 

dA 
30J 3 = — 8 (to — 4) a.4 2 + 2J.jJ.jj — (to — 2)(to — 3) A x + 4to (a 2 — l) -=-? , 



dA 
56 A i = — 1 2 (to — 6) a J 3 + 2 JjJg — (to — 4)(to — 5) J 2 + 4« (a 2 — 1) -=-? , 



da 
dJs 
da 
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The number of equations is of course finite and = s + 2, but the last equation 
is an identity. To obtain the last but one equation, it is convenient to write 
down the general equation ; viz., this is 

(2r + l)(2r + 2)A r+1 = — Ar{n — 2r)aA r + 2A x A r 

— {n— 2r + l)(n — 2r + 2)A r _ 1 + An (a 2 — l)-^g r ; 

and then writing herein r = s, we have 

= — 4s (n — 2s) ap + 2A x p 

— {n — 2.s + l)(?t — 2s + 2) A s _ x + An (a 2 — 1) -^- ; 
viz., for n substituting its value 2s + 1, the equation is 

= — 2 (n — 1) ap + 2A,p — 6 A s _ x + An (a 2 — 1) &- . 

CvOL 

Recapitulation of Forniulm for the Cases n = 3 and n =■ 5. Art. Nos. 49 and 50. 
49. In conclusion, it will be convenient to collect the formulae as follows : 

8ap = p 4 — 6p 2 — 3, 

8 (a + l)p = (p- l) 3 (p + 3); 8 (a - 1) p = (p + l) 3 (p - 3), 
g 
a = , 8/3a = <7 4 — 6<7 2 — 3 , 

8(0 + l)(7 = ((7-l) 3 (<7 + 3); 8(0 — l)a = (a— l) 3 (c7 + 3). 

a/3-equation, see No. 2. 

rn e * (/> + A* 2 + **) ^ 1 P 5 

50. w=5, 2/ = , a 2 , — r->©=— ; ^-, 

3 1 + Jjcc 2 + />a 4 VP P — 1 

^ = ^-(p 2 ~ 2 P+ 5)(p 2 -4p-l), 
64a 2 p = (p 2 — Ap— l) 2 (p 2 — 2p + 5) ; 
or say SaVp = (p 2 — 4p — l)Vp 2 — 2p + 5 , 

64 (a 2 -l)p = (p-l) 5 (p-5), 

<r= — , 640 2 (7 = (a 2 — 4(7— 1) 2 ((T 2 — 2<7 + 5), 



— 8/3Vc = (<7 2 —4a — l) \/a 2 ^^~2p + 5 , 
64 (0 2 — 1) a = (<7 — l) 5 (a — 5), 
A— ,Q 2 + 20,o — 5 

a ,o s (/> 3 — Ap — 1) 
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a/3-equation, see No. 3. 

The pa-equations for the cases in question, n = 3 and n= 5, are the so- 
called Jacobian equations of the fourth and sixth degrees, studied by Brioschi (in 
the third appendix above referred to) and by others : the foregoing a/3-equations 
have not (so far as I am aware) been previously obtained ; as rationally con- 
nected with the pa-equations, they must belong to the same class of equations. 

Cambbidge (England), 18th Dec, 1886. 



